ABSTRACT. The Liouville Brownian motion, recently introduced by Garban, Rhodes and Vargas, is a diffusion process evolving in a planar random geometry induced by the Liouville measure Mγ , formally written as
INTRODUCTION
One of the main mathematical issues in 2d-Liouville quantum gravity is to construct a random geometry on a two-dimensional manifold, say R 2 equipped with the Euclidian metric dx 2 , which can be formally described by a Riemannian metric tensor of the form
where X is a massive Gaussian free field on R 2 on a probability space (Ω, A, P) and γ ∈ (0, 2) is a parameter. The study of Liouville quantum gravity is mainly motivated by the so-called KPZ-formula (for Knizhnik, Polyakov and Zamolodchikov), which relates some geometric quantities in a number of models in statistical physics to their formulation in a setup governed by this random geometry. In this context, by the KPZ relation the parameter γ can be expressed in terms of the the central charge of the underlying model. We refer to [8] and to the survey article [11] for more details on this topic.
However, to give rigorous sense to the expression in (1.1) is a highly non-trivial problem. Namely, as the correlation function of the Gaussian free field X exhibits a short scale logarithmically divergent behaviour, the field X is not a function but a random distribution. In other words, the underlying geometry is too rough to make sense in a classical Riemannian framework, so some regularization is required. While it is not clear how to execute a regularization procedure on the level of the metric, the method is quite performing in order to construct the associated volume form. More precisely, using the theory of multiplicative chaos established by Kahane in [17] (see also [21] ), by a certain cutoff-procedure one can define the associated volume measure M γ for γ ∈ (0, 2), called the Liouville measure. It can be interpreted as given by
but this expression for M γ is only very formal, for M γ is known to be singular w.r.t. the Lebesgue measure by a result [17, (141) ] by Kahane (see also [21, Theorems 4.1 and 4.2]). Recently, in [14] Garban, Rhodes and Vargas have constructed the natural diffusion process (B t ) t≥0 associated with (1.1), which they call Liouville Brownian motion (LBM). Similar results have been simultaneously obtained in [4] . On a formal level, B is the solution of the SDE
whereB is an independent standard Brownian motion on R 2 . In view of the Dambis-Dubins-Schwarz theorem this SDE representation suggests to define the LBM B as a time-change of the planar Brownian motion B. This has been rigorously carried out in [14] , and then by general theory the LBM turns out to be symmetric w.r.t. the Liouville measure M γ . In the companion paper [13] Garban, Rhodes and Vargas also identified the Dirichlet form associated with B and they showed that the transition semigroup is absolutely continuous w.r.t. M γ , meaning that the Liouville heat kernel p t (x, y) exists. Moreover, they observed that the intrinsic metric d B generated by that Dirichlet form is identically zero, which indicates that
and therefore some non-Gaussian heat kernel behaviour is expected. This degeneracy of the intrinsic metric is known to occur typically for diffusions on fractals, whose heat kernels indeed satisfy the so-called sub-Gaussian estimates.
In this paper we continue the analysis of the Liouville heat kernel, which has been been initiated simultaneously and independently in [19] . As our first main result we obtain the continuity of the heat kernel. Theorem 1.1. Let γ ∈ (0, 2). Then, P-a.s., the Liouville heat kernel p t (x, y) is (0, ∞)-valued and jointly continuous on (0, ∞) × R 2 × R 2 , and in particular, the Liouville Brownian motion B is irreducible. Moreover, the associated transition semigroup
is strong Feller, i .e. it maps Borel measurable bounded functions to continuous bounded functions.
As mentioned above, due to the degeneracy of the intrinsic metric we expect anomalous off-diagonal bounds for the heat kernel to hold. Indeed, we obtain the following sub-Gaussian upper bound: Theorem 1.2. Let γ ∈ (0, 2) and U ⊂ R 2 be bounded. For any β > (γ + 2) 2 /2 > 2, P-a.s., there exist C i = C i (X, γ, U, β), i = 1, 2, such that p t (x, y) = p t (y, x) ≤ C 1 t −1 log(t −1 ) exp − C 2 |x − y| β ∧ 1 t 1/(β−1)
for all t ∈ (0, 1 2 ], x ∈ R 2 and y ∈ U .
Since β > 2, the off-diagonal part exp −C 2 ((|x−y| β ∧1)/t) 1/(β−1) of the estimate (1.2) indicates that the process diffuses slower than the two-dimensional Brownian motion, which is why such a bound is called sub-Gaussian. We do not expect that the lower bound (γ + 2) 2 /2 for the exponent β is best possible. Unfortunately, Theorem 1.2 alone does not even exclude the possibility that β could be taken arbitrarily close to 2, which in the case of the two-dimensional torus has been in fact disproved in a recent result [19, Theorem 5.13 ] by Maillard, Rhodes, Vargas and Zeitouni showing that β satisfying (1.2) for small t must be at least 2 + γ 2 /4 .
From the conformal invariance of the planar Brownian motion B it is natural to expect that the LBM B as a time change of B admits two-dimensional behaviour, as was observed by physicists in [1] and in a weak form proved in [22] (see Remark 1.5 below). The on-diagonal part t −1 log(t −1 ) in (1.2) shows a sharp upper bound in this spirit except for a logarithmic correction, and we will also prove the following on-diagonal lower bound valid for M -a.e. x ∈ R 2 , which matches (1.2) besides another logarithmic correction.
for some explicit constant η > 0 (for instance η = 34 would be enough).
Combining the on-diagonal estimates in Theorems 1.2 and 1.3 we can immediately identify the pointwise spectral dimension as 2.
Essentially from Theorem 1.2 and Corollary 1.4 we shall deduce that the global spectral dimension, that is the growth order of the Dirichlet eigenvalues of the generator on bounded domains, is also 2 (see Subsection 6.2). Remark 1.5. In [22, Theorem 3.6 ] the following result on the spectral dimension has been proved: Almost surely w.r.t. P, for any α > 0 and for all x ∈ R 2 ,
and
In [22] the left hand sides were interpreted as the integrals w.r.t. t of the on-diagonal heat kernel p t (x, x), which was needed due to the lack of the continuity of p t (x, y). ∞ 0 e −λt p t (x, x) dt is equal to the reciprocal of the λ-order capacity of the singleton {x} w.r.t. the LBM, and this capacity is zero by [10, Lemma 6.2.4 (i)] and the fact that the same holds for the planar Brownian motion.
The proofs of our main results above are mainly based on the moment estimates for the Liouville measure M γ by [17, 23] and those for the exit times of the LBM B from balls by [14] , together with the general fact from time change theory that the Green operator of the LBM has exactly the same integral kernel as that of the planar Brownian motion (see (2. 3) below). To turn those moment estimates into P-almost sure statements, we need some Borel-Cantelli arguments which cannot provide us with control on various random constants over unbounded sets. For this reason we can expect the estimate (1.2) to hold only locally uniformly, so that the dependence of the constants C 1 , C 2 on U in Theorem 1.2 cannot be dropped. Also to remove the logarithmic corrections in (1.2) and (1.3) and the restriction to M γ -a.e. points in Theorem 1.3 and Corollary 1.4 one would need to have good uniform control on the ratios of the measures of concentric balls with different radii, which we cannot hope for at this moment since no good estimate of such ratios seems to be known.
The LBM can also be constructed on other domains like the torus, the sphere or planar domains D ⊂ R 2 equipped with a log-correlated Gaussian field like the (massive or massless) Gaussian free field (cf. [14, Section 2.9]). In fact, Theorem 1.1 has been simultaneously and independently obtained in [19] for the LBM on the torus, where thanks to the boundedness of the space one can utilize the eigenfunction expansion of the heat kernel to prove its continuity and the strong Feller property of the semigroup. On the other hand, in our case of R 2 the Liouville heat kernel p t (x, y) does not admit such an eigenfuncion expansion and the proof of its continuity and the strong Feller property requires some additional arguments. Therefore, although the proofs of our results should directly transfer to the other domains mentioned above, we have decided to work on the plane R 2 in this paper for the sake of simplicity and in order to stress that our methods also apply to the case of unbounded domains.
In [19] Maillard, Rhodes, Vargas and Zeitouni have also obtained upper and lower estimates of the Liouville heat kernel on the torus. Their heat kernel upper bound in [19, Theorem 4.2] involves an on-diagonal part of the form Ct −(1+δ) for any δ > 0 and an off-diagonal part of the form exp − C(|x − y| β /t) 1/(β−1) for any β > β 0 (γ), where β 0 (γ) is a constant larger than our lower bound (γ + 2) 2 /2 on the exponent β and satisfies lim γ↑2 β 0 (γ) = ∞. Thus Theorem 1.2 gives a better estimate, and our on-diagonal lower bound as in Theorem 1.3 is not treated in [19] . On the other hand, their off-diagonal lower bound [19, Theorem 5.13] , which implies the bound β ≥ 2 + γ 2 /4 for the exponent β in (1.2) (in the case of the torus) as mentioned above after Theorem 1.2, is not covered by our results.
The rest of the paper is organized as follows: In Section 2 we recall the construction of the LBM [14] and we introduce the precise setup. In Section 3 we prove preliminary estimates on the volume decay of the Liouville measure and on the exit times from balls needed in the proofs. In Section 4 we show that the resolvent operators of the killed LBM have the strong Feller property, which needed in Section 5, where we prove Theorems 1.1 and 1.2. In Subsection 5.1 we show the continuity of the Dirichlet heat kernel associated with the LBM killed upon exiting a bounded domain by using its eigenfunction expansion, and in Subsection 5.2 we then deduce the continuity of the heat kernel and the strong Feller property on unbounded domains using a recent result in [16] . Finally, in Section 6 we show the on-diagonal lower bound in Theorem 1.3 and thereby identify the pointwise and global spectral dimensions.
Throughout the paper, we write C for random positive constants depending on the realization of the field X, which may change on each appearance. Random positive constants C i will be the same through the paper. Analogously, non-random positive constants will be denoted by c or c i , respectively. We denote by B(x, R) = {y ∈ R 2 : |x − y| < R}, x ∈ R 2 , R > 0, open Euclidian balls in R 2 and for abbreviation we set B R := B(0, R). Finally, we write f ∞ := sup x∈R 2 |f (x)| for any bounded f on R 2 .
LIOUVILLE BROWNIAN MOTION
2.1. Massive Gaussian free field. Consider a massive Gaussian free field X on the whole plane R 2 , i.e. a Gaussian Hilbert space associated with the Sobolev space H 1 m defined as the closure of C ∞ c (R 2 ) w.r.t. the inner product
where the quantity m > 0 is called the mass. More precisely, ( X, f m ) f ∈H 1 m is a family of centered Gaussian random variables on a probability space (Ω, A, P) with
In other words, the covariance function is given by the massive Green function associated with the operator m 2 − ∆, which can be written as
Following [14] we now introduce an n-regularized version of X. To that aim let (c n ) n≥1 be an unbounded increasing sequence with c 1 = 1 and let (Y n ) n≥1 be a family of independent centered continuous Gaussian fields on R 2 with covariance
Then, the n-regularized field is defined as
the associated random measure M n = M n,γ is given by
Here the factor γ ≥ 0 is a parameter. By the classical theory of Gaussian multiplicative chaos, established in Kahane's seminal work [17] (see also [21] ), P-a.s. the family (M n ) n converges to a limiting Radon measure M = M γ called the Liouville measure, which is non-trivial if and only if γ ∈ [0, 2). Throughout the paper, we will assume from now on that γ ∈ [0, 2) is fixed. . In this subsection we briefly recall the construction.
Let Ω ′ := C([0, ∞), R 2 ) and G be the Borel σ-field on Ω ′ . Further, let {P x } x∈R 2 be the family of probability measures on (Ω ′ , G) such that under each P x the coordinate process (B t ) t≥0 is a two-dimensional Brownian motion starting at x. We denote by
, and by {G t } t∈[0,∞] the minimum completed admissible filtration for B as defined e.g. in [10, Section A.2] . Moreover, let {θ t } t≥0 be the family of shift mappings on Ω ′ , i.e. B t+s = B t • θ s , s, t ≥ 0. Finally, we write q t (x, y) = (2πt) −1 exp(−|x − y| 2 /2t), t ≥ 0, x, y ∈ R 2 for the Gaussian heat kernel on R 2 . Definition 2.1. i) A process A = (A t ) t≥0 is a positive additive functional (PCAF) of B in the strict sense, if A t is a G t -measurable, [0, ∞]-valued random variable for every t ≥ 0 and if there exists a set Λ ∈ G ∞ , called a defining set for A, such that
ii) Two such functionals A 1 and A 2 are called equivalent if P x [A 1 t = A 2 t ] = 1 for all t > 0, x ∈ R 2 , or equivalently, there exists a defining set Λ ∈ G ∞ for both A 1 and
for any non-negative Borel function f is called the Revuz measure of A, which exists uniquely by general theory (see e.g. [5, Theorem A.3.5] ).
For every n ∈ N let now F n t : Ω × Ω ′ → [0, ∞) be defined as
which is strictly increasing. Note that for every n the functional F n is a PCAF of B in the strict sense with defining set Ω ′ and Revuz measure M n . [14, Theorem 2.18] ), the LBM is M -symmetric, i.e. its transition semigroup (P t ) given by
for t ∈ (0, ∞), x ∈ R 2 and a Borel set A ⊂ R 2 , satisfies
Here the Borel measurability of P t (·, A) can be deduced from [14 It is natural to expect that the LBM can be constructed in such a way that it depends measurably on the randomness of the field X. However, this measurability does not seem obvious from the construction in [14] , since there the existence of the PCAF F has been deduced from some general theory on the Revuz correspondence for P-a.e. fixed realization of M . To overcome this issue, in the following proposition we show the pathwise convergence of F n towards F which also ensures the measurability of F and B w.r.t. A ⊗ G 0 ∞ . The proof is given in Appendix A.
Proposition 2.4.
There exists a set Λ ∈ A ⊗ G 0 ∞ such that the following hold:
(ω, ω ′ ) ∈ Λ}. ii) For every (ω, ω ′ ) ∈ Λ the following limits exist in R for all 0 < s < t:
The previous proposition implies easily that F indeed has the Revuz measure M . More strongly, we have the following proposition valid for any starting point x ∈ R 2 , which we prove for later use in a slightly more general setting in Appendix B. 
and in particular, for any t > 0,
2.3. The Liouville Dirichlet form. By virtue of Propositions 2.4 and 2.5, we can apply the general theory of Dirichlet forms to obtain an explicit description of the Dirichlet form associated with the LBM, as it has been done in [14, 13] .
Denote by H 1 (R 2 ) the standard Sobolev space, that is
on which we define the form
is the Dirichlet form of the planar Brownian motion B. By H 1 e (R 2 ) we denote the extended Dirichlet space, that is the set of dx-equivalence classes of Borel measurable functions f on R 2 such that lim n→∞ f n = f ∈ R dx-a.e. 
The capacity of a set A ⊂ R 2 is defined by 
which can be identified with {f ∈ H 1 e (R 2 ) :f ∈ L 2 (R 2 , M )} by [10, Lemma 6.2.1], and for f, g ∈ F the form E(f, g) is given by (2.2). , t ≥ 0, and F is a homeomorphism on [0, ∞), we have τ U = F T U . Let now B U and B U denote the Brownian motion and the LBM, respectively, killed upon exiting U . That is, they are diffusions on the one-point compactification U ∪ {∂ U } of U defined by
Then, for a bounded Borel function f , t ≥ 0 and λ > 0, we write
for the semigroup and resolvent operators associated with the killed LBM, respectively. If U is bounded, as a time-change of B U the killed LBM B U has the same integral kernel for its Green operator G U as B U (cf. Proposition B.1), namely for any non-negative Borel function f ,
Here g U denotes the Euclidian Green kernel given by
for the jointly continuous transition density 
for some bounded continuous function
3. PRELIMINARY ESTIMATES 3.1. Volume decay estimates. For our analysis of the Liouville heat kernel some good control on the volume of small balls under the Liouville measure is needed. An upper estimate has already been established in [14] , so in the next lemma we provide a lower bound. The argument is based on some bounds on the negative moments of the mass of small balls. Such bounds have been proven in [23] in the case that the multiplicative chaos is associated with a family of Gaussian fields whose covariance function is contained a certain class of convolution kernels. Since we are not sure whether the cut-off procedure producing the approximating measures M n is covered by the results in [23] we give a comparison argument in the Lemma C.1.
Proof. The upper bound is proven in [14, Theorem 2.2] . We now show the lower bound in the same manner. Since α 1 = inf q>0 (2 +ξ(q))/q withξ(q) := 2q + q(1+q) 2 γ 2 we may choose q such that (2 +ξ(q))/q ∈ (α 1 , α 1 + ε). Now let R > 0 be fixed and, setting r n := 2 −n R for any n ∈ Z, we define
Then, byČebyšev's inequality
for some constant c = c(γ, R, q) > 0, where we used the spatial stationarity of the law of M and Lemma C.1. In particular, by our choice of q,
so that by the Borel-Cantelli lemma P-a.s. for some C = C(X, γ, R, q) > 0 we have that M (B(x, r n )) ≥ C2 −n(α 1 +ε) for all x ∈ λ R,n for all n ≥ 1. Since for every y ∈ B R and r ∈ (0, 1) we have B(y, r) ⊃ B(x, r n ) for some x ∈ Λ R,n with n satisfying 2 −n ≍ r, the claim follows.
Exit time estimates.
In this subsection we provide some lower estimates on the exit times from balls, which are needed in the proof of Theorems 1.1 and 1.2. More precisly, we establish estimates on the negative moments and the tail behaviour at zero of these exit times.
Proposition 3.2. For any
2 γ 2 and any R ≥ 1, P-a.s., there exists a random constant C 6 = C 6 (X, γ, R, κ, q) > 0 such that
Proof. First we note that from [14, Proposition 2.12] and Fatou's lemma, we get for all q > 0 and for all x ∈ R 2 ,
for some c = c(q) > 0. As in the proof of Lemma 3.1 above let r n := 2 −n R and Λ R,n be defined as in (3.1) for any n ∈ Z. In the sequel we write E µ for the expectation operator associated with the law of a Brownian motion with initial distribution µ.
Let µ x,rn = P x [B τ B(x,rn) ∈ ·] be the distribution of the LBM upon exiting B(x, r n ).
Since B(z, r n ) ⊂ B(x, 2r n ) for any z ∈ ∂B(x, r n ), we have τ B(z,rn) ≤ τ B(x,2rn) , P z -a.s. Hence, using (3.2) we get
provided that n is large enough so that r n ≤ 1. This implies
Let now κ > 2 +ξ(q) and n 0 satisfying r n 0 ≤ 1 be fixed. Then, for all n ≥ n 0 we obtain byČebyšev's inequality,
for some c = c(R, q, κ) > 0. Hence, by our choice of κ,
and we apply the Borel-Cantelli lemma to obtain that P-a.s. for all n with r n ≤ 1 and for all x ∈ Λ R,n+1 ,
for some random constant C = C(X, γ, R, q, κ) > 0. Now for any r ∈ (0, 1] we choose ≥ n 0 such that r n ≤ 2 5 r < 2r n . For all y ∈ B R , by construction there exists an x ∈ Λ R,n+1 such that |x − y| ≤ 1 2 r n . Furthermore, note that B(x, r n ) ⊂ B(x, 2r n ) ⊂ B(y, r) and therefore τ B(x,rn) < τ B(x,2rn) ≤ τ B(y,r) , P y -a.s. In particular, by using the strong Markov property 
Proof. By [16, Theorem 7.2] (see also [15, Theorem 9 .1]) it is enough to show that there exists ε ∈ (0, 1), δ > 0 such that P x τ B(x,r) ≤ t ≤ ε for all t ∈ (0, δr β ) and all x ∈ B R . Since β > α 1 = inf q>0 (2 +ξ(q))/q there exists some q > 0 such that β > (2 + ξ(q))/q. Furthermore, for any ε ∈ (0, 1) let δ := (ε/C 3 ) 1/q and let κ > 2 +ξ(q) be such that β > κ/q. Then, the claim is immediate since
byČebyšev's inequality and Proposition 3.2.
STRONG FELLER PROPERTIES OF THE RESOLVENT
In this section we prove that the resolvent operator of the killed LBM B U has the strong Feller property. We will mainly follow the arguments in [13, Theorem 3.4] , where the corresponding Feller property of the original LMB B is established. The essential ingredients are a coupling lemma and the following lemma. Proof. Let f : U → R be Borel measurable and bounded and recall that T U = inf{s ≥ 0 : B s ∈ U } denotes the exit time of the Brownian motion B from U . First note that since τ U = F T U , the resolvent operator of B U can be written as
for any ε > 0. From Lemma 4.1 we deduce that N ε (x) ≤ f ∞ E x [F ε ] converges towards zero uniformly over compact subsets of R 2 as ε → 0. Hence, it is enough to show that R U,ε λ f is continuous. By the Markov property of the Brownian motion we obtain that
Now for any two points x, y ∈ R 2 we use the coupling lemma [14, Lemma 2.9], which allows to construct a couple (B x , B y ) consisting of two Brownian motions B x and B y starting at x and y, respectively, with the property that both processes coincide after a stopping time τ xy . We denote by P x,y the law of (B x , B y ) and by E x,y the corresponding expectation. Then, we obtain
Note that on the event
. Thus, the first term in (4.2) can be estimated from above by
where we used the trivial bound R U λ f ∞ ≤ λ −1 f ∞ . Since for some r > 0 small enough,
−r 2 /4ε , the second term converges to zero uniformly over y in a compact set as ε → 0 (see e.g. [3, Proposition I.4.8]). On the other hand, for any ε > 0 the first term converges to zero as |x − y| → 0 (cf. again [14, Lemma 2.9]). The second term in (4.2) can be estimated from above by
As above, the first two terms converge to zero uniformly over compact sets as ε → 0. Moreover, by the same arguments as in [13, p.14] ,
which then finishes the proof. For the sake of completeness we repeat the argument here. For any ε > 0, Finally, since lim δ→0 E x [F δ ] = 0 uniformly over x in a compact subset of R 2 (see again Lemma 4.1), we obtain (4.3).
ON-DIAGONAL UPPER BOUND AND CONTINUITY OF THE HEAT KERNELS
Recall that F equipped with the norm f 2
For any open set U ⊂ R 2 , we define F U to be the closure in (F, · F ) of the set of all functions in F that are compactly supported in U . Then, it is well known that (E, F U ) is the Dirichlet form associated with the killed Liouville Brownian motion B U and that it is regular on L 2 (U, M ) (see e.g. [10, Theorems 4.4.2 and 4.4.3]). We will denote the corresponding generator on L 2 (U, M ) by L U and the associated semigroup and resolvent operators by (T U t ) t≥0 and (G U λ ) λ>0 , respectively.
Theorem 5.1. Almost surely w.r.t. P, for any non-empty open set U ⊆ R 2 the following hold: i) There exists a (unique) jointly continuous function
p U = p U t (x, y) : (0, ∞) × U × U → [0, ∞) such that for all (t, x) ∈ (0, ∞) × U , P x [B U t ∈ dy] = p U t (x, y) M (
dy), which we refer to as the Dirichlet Liouville heat kernel on U . ii) The semigroup operator P U t is strong Feller, i.e. it maps Borel measurable bounded functions on U to continuous bounded functions on
U . iii) If U is connected, p U t (x, y) ∈ (0, ∞) for any (t, x, y) ∈ (0, ∞) × U × U ,
and in particular, B U is irreducible.
From now on we will write p t (·, ·) instead of p R 2 t (·, ·) and call it the (global) Liouville heat kernel. Note that Theorem 1.1 follows directly from Theorem 5.1 by choosing U = R 2 .
The heat kernel on bounded open sets.
In this subsection we will prove Theorem 5.1 for a fixed non-empty, bounded, open U ⊂ R 2 . We denote by f p the L p (U, M )-norm, p ≥ 1, and by ·, · the L 2 (U, M )-inner product. Let R > 0 be such that U ⊂ B R .
Proposition 5.2 (Faber-Krahn-type inequality). Almost surely w.r.t. P, there exists
Proof. First we recall that λ 1 (U ) can be expressed by the variational formula
by [10, Theorems 1.5.4 and 4.
2 ) 2 , as U ⊂ B R we have for any f ≥ 0 with f 2 = 1,
Here we used the fact that ab ≤ a log(1 + a) + e b for any a, b ≥ 0, which can be easily verified, with a = f (x) f (y) ν and b = νg B R (x, y). Recall the Green function over B R can be represented as in (2.4), which implies
Setting D n := B(x, 2 1−n R) \ B(x, 2 −n R) and using Lemma 3.1 with ε ∈ (0, α 2 − ν) we further obtain
Set H(s) = s 2 and I(s) := s log(1 + s), s ≥ 0. Then, the function H • I −1 is convex and we apply Jensen's inequality to obtain
where we used that f 2 = 1. Hence,
.
Finally, choosing the constants large enough, we combine the above considerations to conclude that
and by the variational formula for λ 1 (U ) in (5.1) the claim follows.
In the next proposition we derive a Nash-type inequality from the above FaberKrahn inequality, which implies the ultracontractivity of the semigroup (T U t ) and on-diagonal estimate on (T U t ) of the same form as stated for p t (·, ·) in Theorem 1.2.
Proposition 5.3. Almost surely w.r.t. P, there exists a constant
Here A L 1 →L ∞ denotes the operator norm of a bounded linear operator A mapping from
Proof. Since U ⊂ B R and therefore
Recall that λ 1 (U ) can also be expressed by the variational formula
Hence, the Faber-Krahn inequality in Proposition 5.2 can be rewritten as
where ψ(s) := s log(1 + 1 s ). Next we will verify that f
where supp(f ) denotes the M -essential support of f in B R . First, for f ∈ F B R with supp(f ) compact, (5.5) follows by choosing a decreasing sequence (U n ) n≥1 of open subsets of B R with n U n = supp(f ), applying (5.4) with U = U n and letting n → ∞. Next, for general f ∈ F B R , as |f | ∈ F B R and E(|f |, |f |) ≤ E(f, f ) we may assume f ≥ 0. Let (f n ) n ⊂ F B R be a sequence with supp(f n ) compact and f n − f F → 0, where by [10, Theorem 1.4.2 (v)] we may assume that f n ≥ 0 for all n. Then, since f ∧ f n ∈ F B R , supp(f ∧ f n ) is a compact subset of supp(f ) and
we conclude (5.5) for all f ∈ F B R by letting n → ∞ in (5.5) for f ∧ f n .
Now, by [2, Proposition 10.3] (5.5) implies that
for all f ∈ F B R with f 1 = 1.
In particular, for such f we have θ( f 2 2 ) ≤ E(f, f ) with θ(s) := C s 2 (log(1 + Cs)) −1 and by [6, Theorem II.5] we obtain that
is the solution of (5.7). Moreover, for sufficiently large s,
Note that Ψ is strictly decreasing on [s 0 , ∞) for some s 0 > 0. In particular, Ψ −1 (t) ≥ Φ −1 (t) for all t ∈ (0, Φ(s 0 )). Finally, since for t small enough Ψ(t −1 log(1 +
and the claim follows from (5.6).
Now we prove Theorem 5.1 for bounded open sets U . Given the ultracontractivity of (T U t ) in Proposition 5.3 and the Feller property in Proposition 4.2, a general result in [7] provides the existence of a continuous kernel p U t (·, ·) for (T U t ). Then, we still have to identify this kernel as the transition kernel of B U .
Proof of Theorem 5.1 for bounded U . We will divide the proof of i) into several steps.
Step 1: In the first step we show the existence of p U t (x, y) and its continuity. Let (λ n ) n≥1 be the eigenvalues of −L U in increasing order (repeated according to multiplicity) and ϕ n be the corresponding eigenfunctions normalized such that ϕ n 2 = 1. Then, for each n, by the ultracontractivity of the semigroup
is a bounded linear operator for any t > 0, we may choose a bounded Borel measurable version of ϕ n . Further, by the strong Feller property of the resolvents in Proposition 4.2 we have R U µ ϕ n ∈ C b (U ) for any λ > 0, and since 8) there exists a continuous version of ϕ n , which we still denote by ϕ n . Then by [7, Theorem 2.1.4], the series
converges uniformly on [s 0 , ∞) × U × U for all s 0 > 0, from which the continuity of p U t (x, y) follows, and this defines an integral kernel for T U t , namely for each t > 0 and f ∈ L 2 (U, M ),
for M -a.e. x ∈ U .
Step 2: In this step we show that R U λ is absolutely continuous w.r.t. the Liouville measure, i.e. we establish the existence of the resolvent kernel. For any Borel set A with M (A) = 0 we have R U λ 1l A (x) = G U λ 1l A (x) = 0 for M -a.e. x ∈ U . Since M has full support, R U λ 1l A (x) = 0 on a dense subset of U and since x → R U λ 1l A (x) is continuous by the strong Feller property in Proposition 4.2, it is idendically zero, and absolute continuity follows. Therefore, there exists a resolvent kernel r U λ (·, ·) such that for all bounded Borel functions f ,
Step 3: Next we will show that for any x ∈ U ,
for all λ > 0 and all non-negative bounded Borel functions f . Recall that
denotes the transition semigroup of B U . Then for any ε > 0, since
, by the absolute continuity of R U λ w.r.t. M we have
where we also used (5.8) and the uniform convergence of the series in (5.9). Setting a ε n = ∞ ε e −(λ+λn)t dt, we further get
and by taking the limit ε ↓ 0 we obtain (5.10).
Step 4: Finally, we now prove that P x [B U t ∈ dy] = p U t (x, y) M (dy) for all (t, x) ∈ (0, ∞) × U . By the uniqueness of Laplace transforms for positive measures on [0, ∞) (see e.g. [9, Section XIII.1 Theorem 1a]), we get for all non-negative bounded Borel functions f , 
for all t ∈ (0, 1 2 ], x ∈ R 2 and y ∈ B R , where we extend the kernel p U (·, ·) to a function on (0, ∞) × R 2 × R 2 by setting p U t (x, y) := 0 for (x, y) ∈ (U × U ) c for any t > 0. Proof. Since for every n ∈ N we have the on-diagonal bounds on p Bn in Proposition 5.3, given the exit time estimates in Proposition 3.3, the result follows from [16, Section 6].
Remark 5.5. The constants appearing in the upper bound in Lemma 5.4 do not depend on the set U . Therefore, for any R ≥ 1 there exists C 13 = C 13 (X, γ, R), also not depending on U , such that p U 1/2 (x, y) ≤ C 13 for all x ∈ R 2 and y ∈ B R . In particular, by the semigroup property we have for all t ∈ ( 1 2 , ∞) and such x and y,
Lemma 5.6. Almost surely w.r.t. P, for any increasing sequence (U n ) of open subsets of R 2 with n U n = R 2 ,
Proof. It suffices to prove the uniform convergence in (t, x) over [0, T ] × B R for any T, R ∈ (0, ∞). By monotonicity we may assume t = T . Then, for any x ∈ B R and n such that B 2R ⊂ U n we obtain by the strong Markov property
where µ x 0,2R := P x [B τ B 2R ∈ ·] as in the proof of Proposition 3.2 above. Arguing precisely as there, from an explicit formula for the exit distribution of a Brownian motion (see [3, Theorem II.1.17]) we get that µ x 0,2R ≤ cµ 0,2R for some explicit c > 0 with µ 0,2R = µ 0 0,2R . Thus P x τ Un < T ≤ cP µ 0,2R τ Un < T , which converges to zero as n → ∞ by the dominated convergence theorem since the trajectory of B| [0,T ] is bounded and therefore contained in U n for n large enough.
Proof of Theorem 5.1 for unbounded U . i) Let R ≥ 1 and let f : R 2 → [0, ∞) be bounded and Borel measurable with f | B c R = 0. Note that for any l > k ≥ R + 1 we have B k ⊂ B l and therefore τ B k < τ B l , P x -a.s., for all x ∈ B k . Then, by the strong Markov property we obtain for any t > 0 and x ∈ B k ,
Recall that
Now, note that by Remark 5.5 
Hence,
and by an approximation argument we deduce that there exists C = C(X, γ, R) such that 12) for all x ∈ B k , y ∈ B R and t ∈ (0, ∞). Recall that by the results in the last subsection for all k, l ∈ N the Dirichlet heat kernels p B l and p B k are continuous. Therefore, (5.12) and Lemma 5.6 imply that the limit p t (x, y) := lim n p Bn t (x, y) exists and is continuous on (0, ∞) × R 2 × B R . Since R ≥ 1 is arbitrary and the relation P x [B t ∈ dy] = p t (x, y) M (dy) can be obtained from that for bounded U by monotone convergence, statement i) follows for the global heat kernel p t (x, y), i.e. for the case U = R 2 . For general unbounded, open U ⊂ R 2 , statement i) follows by similar arguments from the fact that for any k, l ∈ N with k < l,
In order to see the second inequality, notice that if (x, y) ∈ (B k ×B k ) c this inequality holds trivially, and for (x, y) ∈ B k × B k , by the continuity of the Dirichlet heat kernels,
In particular, Theorem 6.1 immediately implies Theorem 1.3 by choosing U = R 2 . Furthermore, we can directly deduce the pointwise spectral dimension of the Dirichlet Liouville heat kernel.
Corollary 6.2. Almost surely w.r.t. P, for any non-empty open set
Proof. This is immediate from the lower bound in Theorem 1.3 and, since p U t (x, x) ≤ p t (x, x), from the on-diagonal part of the upper bound in Theorem 1.2.
6.1. Proof of Theorem 6.1. In order to show Theorem 6.1 we need further moment and tail estimates on the exit times from balls. First, we recall the representation of the expected exit time in terms of the Green kernel. 
Proof. This follows immediately from Proposition B.1.
Lemma 6.4. For any
Proof. Recall that the Green function over B R+1 can be written as in (2.4) Then, as B(x, r) ⊂ B R+1 and therefore g B(x,r) ≤ g B R+1 , we have
Setting D n := B(x, 2 1−n r) \ B(x, 2 −n r), n ≥ 1, we obtain further that
with c = c(R) > 0. On the other hand, by Lemma 3.1, for any ε > 0,
which implies the claim.
Lemma 6.5. There exists a constant c 1 > 0 such that P-a.s.
Proof. This follows from the following scale invariance of the Gaussian Green kernel:
for any x, y ∈ R 2 , r > 0 and λ > 0 (cf. e.g. [10, Example 1.5.1]). Indeed, using this relation we obtain
which is the claim.
Proposition 6.6. For any R ≥ 1, P-a.s., there exists C 16 = C 16 (X, γ, R) > 0 such that
Proof. Obviously, τ B(x,r) ≤ t + 1l {τ B(x,r) >t} (τ B(x,r) − t) for any t > 0, so using the Markov property we get
E y τ B(x,r) .
Finally, note that by Lemma 6.4
and the claim follows Lemma 6.5.
We are now in the position to show an on-diagonal lower bound on the Dirichlet heat kernel. Proof. Fix an arbitrary x 0 ∈ X . Set B 1 = B(x 0 , 1), r k := 2 −k , k ∈ N, and µ 1 := µ(· ∩ B 1 ) and let
For every n there exists a finite set of points Λ n such that B 1 is covered by the family of balls {B(x, r n+1 )} x∈Λn . Then,
for some c > 0. By usingČebyšev's inequality, this implies
and a Borel-Cantelli argument gives that for µ-a.e. x ∈ B 1 there exists n 0 (x) such that
Now, for any x ∈ B 1 consider r small enough such that µ 1 B(x, 2r) = µ B(x, 2r) and r n+1 ≤ r < r n for n ≥ n 0 (x). Then, by applying (6.5) twice
with n < (log 1 r + log R)/ log 2. Finally, since x 0 is arbitrary and X can be covered by countably many balls with radius 1, the claim follows.
6.2. Global spectral dimension. Let U ⊂ R 2 be non-empty, open and bounded. Then, as above in Section 5.1, let (λ n (U )) n≥1 be the eigenvalues of −L U in increasing order (repeated according to multiplicity). Then, setting
we obtain the following global spectral dimension from Theorem 6.2.
which proves the lower bound.
Remark 6.11. It is not clear to the authors whether the counterpart of (6.6) for the eigenvalue counting function N U (λ) := #{n ∈ N : λ n (U ) ≤ λ} also holds.
The proof will be based on the following results proved in [14] .
Theorem A.1. For each x ∈ R 2 , P × P x -a.s. the following hold: We start with a preparatory lemma.
Lemma A.2. Almost surely w.r.t. P, for all x ∈ R 2 ,
Proof. For all x ∈ R 2 , by Fatou's lemma
so using the dominated convergence theorem the claim follows immediately from Lemma 4.1.
For all t ≥ 0 we denote by Λ t the set of all (ω, ω ′ ) ∈ Ω × Ω ′ such that:
is continuous, strictly increasing and satisfies F t,t (ω, ω ′ ) = 0 and lim u→∞ F t,u (ω, ω ′ ) = ∞.
We will write
∞ , since all the defining properties of Λ t can be rephrased in terms of the values of F n s for dyadic rational s by virtue of the monotonicity of F n . Finally, recall that by Theorem A.1 we have
Proof. Fix any probability measure µ on R 2 with full support. Since EP x [Λ ω 0 ] = 1 for all x ∈ R 2 , using Fubini's theorem integration w.r.t. µ gives that EP µ [Λ ω 0 ] = 1 with P µ := R 2 P x µ(dx). In particular, for P-a.e. ω, P µ [(Λ ω 0 ) c ] = 0 and thus
Now, for every such ω, every x ∈ R 2 and t > 0 we use the Markov property to obtain
where we used (A.1) in the last step.
Proof of Proposition 2.4. Let
where Q + denotes the set of all positive q ∈ Q. Then, i) follows immediately from Lemma A.2 and Lemma A.3. Let now (ω, ω ′ ) ∈ Λ be arbitrary. Then, ω ′ ∈ Λ ω q for each q ∈ Q + , so for all s ≥ q the limit F q,s exists in R and s → F q,s (ω, ω ′ ) continuous and strictly increasing and and lim s→∞ F q,s (ω, ω ′ ) = ∞. Thus, for all 0 < s < t the limit
exists in R. Hence, for any T > 0 and 0 < s < t ≤ T ,
is a Cauchy sequence as s ↓ 0, so there exists
is continuous and it is also stricly increasing. To see the latter, note that for all 0 < s < t, choosing q ∈ Q + such that q ≤ s, we have
where we used in the last step that the function u → F q,u (ω, ω ′ ) is strictly increasing on [q, ∞) since (ω, ω ′ ) ∈ Λ q . Finally, since for any T > 0 and every q ∈ Q + with q ≤ T we have
This completes the proof of ii). Statement iii) is clear, so it remains to show iv). Let ω ∈ Ω satisfy the property in statement i). First, for any t > 0, Λ ω ∈ G 0 ⊂ G t by i), and the G t -measurability of
it suffices to verify that θ t (Λ ω ) ⊂ Λ ω q for all q ∈ Q + . But this follows from the fact that for any q ∈ Q + and u ≥ q,
converges to F q+t,u+t having the required properties. Finally, a similar argument shows that F s+t = F t + F s • θ t , s, t ≥ 0. Indeed, for t > 0 we have 
Proof. We shall prove that
For any bounded Borel function h : U → R, using the Markov property and the fact that q U t (x, y) ≤ q t (x, y) for all t > 0, x, y ∈ U , c + log + t (y − x) 2 c + log + t (z − y) 2 M n (dz) M n (dy).
Setting D k = B(y, 2 1−n R) \ B(y, 2 −n R), y ∈ B R , k ∈ N, by [14, Theorem 2.2]
uniformly in n for some constant C = C(X, γ, R, t) and any ε ∈ (0, α 2 ). Since x ∈ B R the term B R c+log + t (y−x) 2 M n (dy) can be treated similarly and therefore (B.2) follows. c + log + t (y − x) 2 M n (dy) ≤ C δ α 2 −ε , uniformly in n for some constant C = C(X, γ, t) and any ε small enough. By Lemma B.2 taking the limit n → ∞ yields E x t∧T U 0 f (B U s ) dF s ≤ C δ α 2 −ε . Finally, since t > 0 is arbitrary, we let δ → 0 to get the claim by monotone convergence.
Proof of Proposition B.1. By a density argument it suffices to consider functions η with compact support. First note that by Fubini's theorem we have for every n ∈ N, and we need to show that taking limits on both sides of (B.4) we obtain (B.1). Since dF n converges weakly to dF the convergence of the left hand side of (B.4) follows from the uniform P x -integrability of { T U 0 η(t) f (B U t ) dF n t } n in Lemma B.2. For the convergence of the right hand side of (B.4), note first that we may replace f in (B.1) by f 1l U \{x} by Lemma B.3 and the fact that M ({x}) = 0. Then, we can easily construct a sequence of continuous functions (f k ) k having compact supports in U \{x} such that pointwise f k ↑ f 1l U \{x} as k → ∞. Thus, it is enough to consider the case x ∈ supp(f ). But in this case the function y → We remark that the law of M n is spatially stationary, so the same statement applies to any ball B(x 0 , r), x 0 ∈ R 2 and r ∈ (0, 1].
Proof. Recall that X n (x) = n j=1 Y j , where for each j, Y j is a centered Gaussian field with covariance kernel k j defined in (2.1). By construction we have Finally, we choose F (t) = λ q−1 e −λt for λ > 0 and, since 1 Γ(q) ∞ 0 λ q−1 e −λt dλ = t −q , integration over λ yields E M n (B(0, r)) −q ≤ E M 0 (B(0, r)) −q .
The statement now follows from [23, Proposition 3.7] .
